Limit of Sequences

Let yzi, O<y<l = O<L<l = 0<h<w
1+h 1+h
Since  (L+h)">1+nh, Lot 1 —0<lim—~_<lim—t -0
(+h)" 1+nh >+ (1+h)" n>=1+nh
. . . 1
By Sandwich Th, limy" =lim————=0
y Sandwich Th, - limy" = i~
Also,  (L+h)'>1+nh+ Mh2>nh+whz
1 1 . n . n . 1
0< < =0<Ilim <lim =lim =0
(1+h)n nh + n(n_l)hZ = (1+h)n = nh + n(nz_l)hZ nﬁwh L_lhz
n
By Sandwich Th,  lim ny" = lim =0
y n— oo y n— o (1+h)”
Now, consider the function, f(x)=(1+x)”—1 1nx , x>0, nx<1.
Then f1(x)=n{+x) -1 =f(0)=0
(1-nx)
2
and f"(x)=n(n—1)(1+x)"‘2—(1 2n ; =f(0)=n(n-1)-2n*=-n>-n<0
-nx

f(x) isamax.when x=0.

Put x=a, (l+a) <

= ([@+x)'<

f(0)=0< f(x)=(1+x)" -

1-nx 1-nx 1-na
Now, 0<(l+x") < _ (0<x<1) =0<limfl+x") <lim 1 —=0 3n,nx"<land0<x<1.
1-nx n—e no=1—nx
By Sandwich Th, Iim(1+x”)n=0.
u, —(k+k*l,, +u,,=0 , =1 e (D)
1 1 1"
= un_kun—l:_<un—l_kun—2):_2<un—2_kun—3):"': 1, (ul_k) (2)
k k k
1 1 1 N 1
Also, from (1), un—EuM:k(unl—Eunl]:kz(unZ—Eunsj;..:k l(ul—Ej . (3)
2 2 n+l 1
3)xk*, k°u,-ku,,=k (ul—Ej e (4)

: e 1) (1Y 1 e, 1) (1)
@-@2, (K-1u, =k (ul k} (k] (u, k):un_kz_l{k (ul k] (kJ (u, k):l....(S)

The unique value of u; suchthat u, tendstoalimitas n-—oo iswhen

ul—l = or UF%- In this case, from (5), u, is reduced to un:k—ln—>0 as N -—o.

k



ab?+x.° .
X, = —l“ , a>0 and 0<xy<b. Itcanbeeasilyseenthat x,>0, VneN.
a+
Let P(n) be the proposition x,<b.
P(1) istrue as 0<x;<b.
Assume P(k) istrueforsome keN , ie. Xx<b or x-b<0 e (D)

ab® +x,” —ab?-b®> x,°-b?

2 2
ab” +X," o <0 ,by(l)and a+1>0.
+

a+l a+1l

For P(k+1), X, —b’=

Xk+1<b and P(k+1) istrue. By the Principle of Mathematical Induction, x,<b,VneN.

Xn IS bounded.

2 2 2
ab® + x alb? —x .
2_y 22 T g2 n/>0 since X,<bh.

X
i " a+1 " a+1

 Xmee <Xn? = X1 <X, since X, > 0.

Xn IS monotonic increasing and hence by Monotone Bound Th, limits exists.
2 2 2
. . ab“+L
Let L= limx,=limx, . From Xx,6 = M, take n —oo, L=1{ =L=b, a=0.
n—> n—e a+l a+1l

1ty =0 =ty <1 == -0

X1 =X = 2% +2 (n>1). = X,
(@ As 1<x;<2, 0<x-1<1 (x1—1)2"71—>0, s N—ow. S Xm—1 or X,—>1.
(b) As x;=2,then (x, —1)ZH =1, Xp-1-1 or X,—>2.

© As x>2, (x —1)2"71 —0aS N —>0. . XKnpel—> 0, Xp—>0.

ag=a;sin®p=2cos¢ and a,— 28y + ans Sin’ ¢ = 0.
_ 2cos¢ _ 2cos¢ 1 1

P 2 - — e (D)
sin“y 1-cos“¢ 1-cosd 1-+cosd
. 2cos¢ . 2c0s¢p( 2
a—2a; +a,sin° $=0 2c08¢p—-2———+a,sin“¢=0 a,= -
028+ sin" ¢ = ¢ sinf¢p ¢ 2 sin?¢ \sin?¢
4cosd 4cosd 4cosd 1 ’ 1 ’
a+a,=—7p = > = 5 > = - e (2
sin‘  (1-cos?¢f (@-cosg)’(d+cose) |1-coso 1+ cosd
n " " =1-co
Let P(n) be the proposition Zar: ! - ! _ 1 —i, “ Sd).
) 1-cosd 1+cosd a" B" B=1+cos¢
P(1) and P(2) aretrue by (1)and(2).
Assume P(k) and P(k+1) are true forsome keN , i.e.
J 1 1 & 1 1
a=—-——... (3 a,=——-—5 ... (4
; r ak Bk () rZ:]; r ak+1 Bk+1 ()

For P(k+2), a—2as+awnsin®dg=0 = a - (o+P)am+apas=0

k

Sa, (B A tapY a,=0 = Ya (@) a, +(atph+ap> a —apla, +a,)=0

r=1



1 1 1 1 1 1 k+2 1 1
e et o33

k+2
On simplification, we get Zar :%—Bk—lﬂ .~ P(k+2)istrue.
r=1 a

.~.By the Second Principle of Mathematical Induction, P(n)istrue VneN.

2
n+1:6u2 +6 , n=0,1,2,... If u, convergestoalimit a= limu, =limu_, .
un +1l n—ow n—w
6a’ +6 3 — aa2 3 2 _ -
a=——r a®+1la=6a"+6 — a’-6a"+1lla-6=0 = (a-1@-2)(a-3)=0
a“+11
a=1,23.
(i) If  u>3, Assume uc>3 ,since u>0, then u’>9 or ul-9>0 )
6u’+6 . 6u’+6-3u,2-33 3u°-27 3(u,’-9)
Uy —3=—3 -3= 5 =— =—= >0 , by ().
uS +11 uS +11 u +11  u +11

By the Principle of Mathematical Induction, u,>3, VneN.

2 3 2
6u.’+6 u.’—6u, +11un—6:(un—1)(un—2)(un—3)>o sinceu, > 3.

u,-u,,=u,-

"ul+11 u’+11 u’+11
3 < Un+1<un .
6un2+6_3 3un2—9
(i) 9 u,-3_9 wu’+11 9 u +11 9 3(u,+3) 9u,”+99-30u, —90
0 u,-3 10 u,-3 10 u, -3 10 u?’+11 10(u,? +11)
2
_9u, —32,0un +9 _ 33y, —%)(un -3)>O sinceu >3 U =3 _9
10(u,” +11) 10(u,” +11) u,-3 10
From (i), u, is monotonic decreasing and bounded below and limit exists.
From (ii), Yn=3 .9  U=3 9 u-3_9
u,-3 10 u,,—-3 10 u,-3 10
n+l
Multiply these inequalities, M<(2J .
u,—3 \10

u _3 9 n+l u _3 9 n+l
But u,>3, O<L<(—J :Oslimleim(—J =0.

u,—3 \10 e yo—3  no=l 10
By Sandwich Theorem, Iim%:O:limuM=3:Iimun=3 :

nN—o0 uO — N—0 N—o0
X 2"x

n

X0=X, X,,=————— (n=0,1,2,..), an=2"% , b,=—F=1—
1+1+x,° Vi+x,”
X X, =X, =Xyl xS X g1,

_Xn:—”_x

1+1+x2 1441+ x,2 141+ x,2

dependson —xp..

Signof x,,,—X,
(i) If xo=x>0,then x;,>0 VneN and Xu1-X,<O0.
Xn+1 < Xn and X, is monotonic decreasing.

(i) If xo=x=0,then x,=0 VneN.



(iii) f xo=x<0,then X, <0 VneN and Xpi-X,>0.
Xn+1 > Xy and X, is monotonic increasing.
Forcase (i) , X, isbounded belowbecause x,>0 VneN. Forcase (ii),X,—>0 a n-— oo.

Forcase (iii) , X, isbounded above because x,<0 VneNN.

In all cases, limit exists. Let L= limx, =limx,,;.

n—oo n—o

From x S L L

ATV T

For the sequence a,=2"X,,

=L=0

n+l
(i) If x>0, then 0<a,=2"x, and a,, =2""'x,, = 2 Xy __ 2, < 28, =a,
1+\/1+xn2 1+\/1+xn2 1+41+0
(i) If x<0, then 0>a,=2"x, and a,, 23, 28, =a, ,since Xp,a,<0.

= >
' 1+\/1+ x 2 1+41+0

In both cases, a, is monotonic and bounded. lima, exists.

n—o0

For the sequence Db, .

. 2" .
@i If x>0, then bn:¢ >0 since x,>0.
1+x,°
n+l n+l n 1+X 2
b = 27 Xy 2 X, 9 2"X, n 1 <2bn(l{ 1 ]an
VI+xE flex 1oy 1e X, 14X, 1 X, 114X, 144140
" 2" .
(i) If x<0, then bn:¢ <0 since Xx,<0.
1+ x,°
2n+1Xn . on+l X, 2nXn [1_'_ an 1 1
bn-¢-1= +2 = > > =2 > > - >2bn(1 —_— :bn
\/1+Xn+1 \/1+Xn+1 1+\/1+Xn \/:|-+Xn \/1+Xn+1 1+\/1+xn 1++1+0

In both cases, by is monotonic and bounded. limb,, exists.
n—oo

2"x a . . a lima, lima,
b, = == —= limb, =lim == 12 == 22 =lima,
\/1+ X, \/1+ x,2 " ”‘>°°\/1+ X, 1+limx,? V1+0 ™=

n—oo

Now,

0< a < 3 and Apg = 12 T e 12 —a,, :L_ a,, = (an& _3)(6’”71 * 4)
1+a, 1+a, 1. 12 a,,+13
l+a,,

Let P(n): 0<ay1<3, an>3, VnelN.

Pl) and PQ): O<a<3, a,-—2 > 12 _3
l1+a, 1+3
Assume 0O0<aypy1<3, ax>3, ,forsome kel.
1+a,, 1+a,, 1+a,, 1+a,,, l+a,,, 1+a,,,

By the Principle of Mathematical Induction, P(n)istrue VvVneN.



(aZn—l — 3Xa2n—l + 4) >0

Now, Ay — 8oy =— , since ag.1<3.
a,,, +13
A,y ., —3fa,, , +4 .
a,, —a,, ,= —( ) )< 0 , since an2>3.
a,, , +13

axn+1 IS increasing and is bounded above and a,, is decreasing and is bounded below.

12 L= 12 =L"+L-12=0

a,, = =
1+a, 1+L

n+l n+l

Limitsexistand let L= lima, =lima
n—o0

n—oo

=>(L-3)(L+4)=0 = L=3 (L=-4 isrejected a,>0,VneN)

9. Let a,B betherootsoftheequation: L°-L-5=0, where o<p.

1-+/21 1+4/21
o= > <0, B= >

at+tpf=1, ap =5, >0

Uy =3, U,,=yU,+5=4/(a+Bu,+ap .

Let P(n) be the proposition u,> .

P(1) istrue as u;=3> 1+;/Z:[3 :
Assume P(k) istrueforsome keXN , ie. u>p or u-p >0 e (D)
For P(k+1), ug,' —p*=(a+Bu, —ap-p*=(a+B)u,~p)>0 by ()
U’ <B?  and since B>0, Ukt > P o P(k+1) istrue.
By the Principle of Mathematical Induction, P(n) istrue,vneN. .. u, isbounded below.

Now, u,”-u,, =u’~(a+Bu,+op=(u, —a)u, -B)>0 , since u,>B>a.

U2 >Uni®, Up>Ung and U, IS monotonic decreasing.

Limitexistsandlet L= limu,=Ilimu,,,.
n—oo

nN—oo

U, =4U, +5 =L=vJL+5=L°-L-5=0=u, >B=a (o isrejectedsince u,>0VneN.)

Inthe above, U,,.,° —a%=Uy,," — B = (o + By, —ap—B% =(a+PB)uy, —B)>0=u,, >a

u, 1_a:U2n+12_B2:(““LB)(Uzn_B): Up =B _ 1 u2n—1_B< 1 upy-Bp_ 1 (Upys —B)
n+ N
Ugne +P Uzna +P Upnas +B Upny +B Uz +B B+B B+B  4p°
2
But, — =1 2| ~0032<>.
482 4\1+v21 30

1
(Uznfs _[3)<---< 30" (Ul —a)

1 1
Uonit _a<%(u2n—l _B)<W

10, X1 =2%+3Yn, Yo =Xn*+2¥n ., Xo=1, Yo=0.
()  {zn} ={x.+ayn} isgeometric = 20 =ZpaZnn = (% +aYn)° = (Xnt + @Ynt)( Xns1 + BYner )
= (xa+ayn)’ = (Xo+ayo)( Xz +ayz) e (D)

But Xxo=1, y0:0 = X1 =2, y]_:l = Xp=7, y2:4 (2)



@1 @), @+27>=[1+a()][7+a(d)]=7+4a = a= £43 )

24371
(ii) The gradient of the straight line OP, =Yn-2X01*3¥n1 _ Xoy e (8)
X Xpa+2Yng 1+2 Yo
Xn—l
Putting m= lim=—"= Yoi _fimYn  and taking n —ooin (4), (existence of limit not proved) we have
n—o0 X n—o0 )(
2+43m 1++5

=>m--m-1=0=m= m is positive since X,,y,>0.

=1+2m

2
1. a,, J_—a “+5 —\5= Y 2\/_a +5_(an =5) >0=a,,>v5 =a, >5

2a,

n

an+1—x/§=(a”2a_5) <(a"2:/§5) (D)

Let P(n) be the proposition a,,; — V5 <£3_—\/§né-
20

3-5

251

Assume P(k—1) istrueforsome keN , i.e. J_ £(3_'\/);<L1 .. (@
245

, by (2)

P(1) istrue as al—«/§:3—\/§<

[kt
sy ™

= %:/__“/_;ké P(k+1) istrue.
2+/5

By the Principle of Mathematical Induction, P(n) istrue,VvneN.

T s v I E R

zﬂ
By Sandwich theorem, Iim6x££) =0= Iim(an+l—\/§):0:> lim anﬂ:\/g: lima,
11 n—w n—wm n—w

n—oo

For P(k), , a,— \/_<( 275

12. If r, converges, Let L= limr, —Ilmrm
n—

n—oo

Take n—oo in rn+l+i=2A :L+%=2A =L?-2AL+1=0
r

n

L hasrealvalueif A>0 or A>1 = The necessary condition for convergence is A>1.

(1)



13.

14.

Let o, be the roots of the equation (1), where o <.

a+B=2A, ap=1 a=A-VAZ-1<A, B=A+JA?-1>A )
rM+i=2A:rn+1+a—B=oc+B:>rn+l—(a+B)+a—B=O . (3)
rn rn rn

(@i If ro=a,then m=a VvVneN and r,—a.

(i) If ro#ao,then from (3), r

o= -0) o @ and gL o) O

@ rn+l_B _o I'n -B _(Ejz rn—l_[3 :___:(OLJ”HM

(4) My —Q B h—a B fha—a oy —a

B
n+l
2] fo-B
P O{Bj o —a

Solve for ryq, we have 1, = ] (6)
1— E fo — B
p o —a
n+l
By (2), %gl. (@ %<1:>(%J —0 a n—ow.From(6), r,—>p forany ro.
o 1
(b) If E:l, then from(2), a=pf=A=1 r., +r_=2 :
n
. (n+1)r, —n
Let P(n) be the proposition r,=——"—=,vneNu{0}.
nr, —(n-1)
P(0) is obviously true.
Assume P(k) istrueforsome keN |, ie. r =w (7
kry — (k —1)
For Pk+l), | ry—2-Lop Kookl (ke2h-(ked) o)

e (k+1r, -k  (k+1r, -k
P(k+1) istrue. By the Principle of Mathematical Induction, P(n) istrue,VvneN.

N+, —n _ n(ry—1)+r,
np—(n-1)  n(p,-1)+1

Now, r,=

_ -1 / -1 ..
0 e bR @ e s

The sufficient condition for convergence is A>1.

Let u, :sinn—;t . Consider two subsequences,
Uyox :sin%:sin 2kn =0, Usoket :sin(l()kTJrl)n:sin(an+gj:sing

. T
Uy =0, u10k+1—>sm€¢0

U, is divergent because there exists two subsequences having different limits.

(Using Cauchy convergent criterion)



1 1
u,=1+—+..+ ,
3 2n-1

1 1 1 1 1 p

+ ot +"'+2(n+p)—1=2(n+p)—1

u 2n+1 2n+3 2(n+p)—1>2(n+p)—1

n+p —-u,

n n 1

Take p=n, |u2n_un|>4n_1>4n 4

Take g:% , there does not existan  n  such that |u,, —u,|<e.

(Not so formal) S:l+%+l+1+£+i .:(1+1j+(1+1j+(1+1j+....>1+1+%+...

5 7 9 117 3) (5 7) 9 11 3

Contradiction.

15. For the first part, please see  Limit of sequences Set 1 No. 7, 8.

n—o n

(g I {zl(gy(gf".(%ﬂj”r it

n n
Given that Iim(1+£j =e. Take a,= (1+1j , then
n

. n+1 .1 . n+1/,. n+1 1
lim——=e and lim=(n!)" = lim lim—— ==
N—>o0 [n!]l n n—w N n—wo N n—w [n!]l n e
. a . n+1 . .
Take a,=n , aw=n+1, then lim3L=lim—==1, Ilimy/a, =limn*"=1 .
n—o0 an n—o N n—o n—o

16. Same as Limit of Sequences Set 1 No. 24.

17. The first part is same as Limit of Sequences Set 1, No. 35, by taking A= Ja.
The case that  Xo > +/a > 0 to prove that Ja< X, <X,y <..<X, isalso given in that question.
If Xo=+/a ,then x/§=xn =X,q ==Xy

Xn does not converge if a <0, since if it converges, thenlet L= limx,=Ilimx,,,
n—o0

nN—oo

X1 =£[Xn +iJ:> L :E[L +3):> L>=a which has no real solution for a<0.
2 2 L

n

X, +X 1 1)’ "
18. X, _an=w_xn1=__(xnl_xn2)=(__J (anz _Xn3)="'=(__j (Xl_XO)



19.

20.

X

X sinx X sinx 2" sinx

_sinx

cosicosiz...cos—n=—:>llmcos COS-...C0S s—=1Iim =lim
2 2 2 nein| X n—> 2 22 2" noe (X oo (X X
2"sin 2"sin| — sin| —
2" 2" 2"
Take A =pcosx. We canuse Mathematical Induction to prove that

P(n): x,= C0S X COS—~-...COS—— X CoS—— y. = COS X COS ... COS—— n>2
L TRt PR T TR IR B e =S

For P(2), x,= x+y1: [x ul== [ucosx+u] “[cosx+1] Hcoszg

=4/X,Y, =,|ucos’® —u cos— .. P(2) istrue.
Assume P(k) istrueforsome keN, k=>2, ie.

X X X X X X
X =1 cosEcos?...cosF COS——, VY,=U cosEcos?...cosF

ForP(k+1), X.,= Xy eryk =%{H[cosgcos%...cos%}cos% + u[cosgcos%...cos%}}

1 X X x X X X x 5 X
==l C0S——C0S—...C0S—~ [{COS—— + 1= pf COS—COS—...COS—— |COS" —~
2 2 2 2% 2% 2 2 2 2

= Cosicosi COS— X COSL
H PE5 o B0 R0 Pk

X X X X X X X
yk+l = ”Xkﬂyk :\/HI:COSEC037Cosz—k:|0052—ku|:00550032—2COSF:I

= p[cosgcos%...cos%} cosz—xk P(k+1) istrue.

By the Principle of Mathematical Induction, P(n) istrue, Vn e N\{1}.

H 2 2
sinx  4/p° - .
_VH since A =pCosX.

Both x, and y, tendto =
X
COS ( j
il

Let P(n) be the proposition (x/§+1)n = an«/§+ b,, VneNu {0}.

P(1) istrue since (\/§+1)1 = a1@+ b,, a=b-=1

Assume P(k) istrue forsome keN , ie. (\/§+1)k =ak\/§+ b,

For P(k+1), |, (x/§+1)k+l = (\/§+1)k <ﬁ+1)= (ak\/g + kaﬁ+l), by (1)
=(a, +b, W3+ (3, +b,)= (ak+1«/§ + bm)

P(k+1) istrue. By the Principle of Mathematical Induction, P(n) istrue, vh e N.
(@) amz«/g +b,, = (x/§+1)n+2 = (x/§+l)n+l(\/§ +1): (aml\/g + bMX«/E +1)

= (an+l + bn+1)\/§+ 3an+1 + bn+l)
a0 = n+1+b —23. l+b =2anﬂ_l_(:?'an +bn)_(an +b ) ( apq t
bn+2 - 3an+:l bn+1 - b 2 = =2b + 3an+:l - bn+l = 2bn+l + 3(an + bn )_ (3an +b ) 2( nt t

n+l

X

M)

M)

)



21.

22.

(b)
(©)

(d)

(@)

(b)
(©

Use Mathematical Induction , proof not given.

(V3+1)(V3-1f =3-1) = a,v3+b, J-1)"(a,v3-b, )=2" =32, ~b,* = (12"

From (x/§+1)n =a,v/3+b, and (\/5—1)” =(—1)”‘l(an\/§—bn) , solving, we have

ke e CEe ) S VRSV VPl

[
o Y] _@u[ﬁj}" L
o LB (B )| 1[?1} et

243

i . . sinx _sin(n/2

FromNo. 19, P,= cosicosiz...cosin:ﬂ. lim lePn)= lim 21X _ 51 (n/2)
2 2 on s X X—>1/2 N0 xonl2 ¥ (75/2)
sin_-
2n

. . . . 1 -
limcosnx =0=>limcos2nx =0= I|m(2cos2 nx —1): 0= limcosnx = i"? => contradiction
n—o0 n—owo n—ow n—owo
sin (n+1) x —sin (n-1) x = 2 cos nx sin X

n—o0

& X=mm, where meZ.

Let P(n) be the proposition: (1 +x)" > 1 + nx vneN and VxeR, x=>-1
For P(1), (1+x)t=121+x - P(1) is true.
Assume P(k) is true for some keZ, k>0,

that is, (1+x)5>1+kx

VkeNuU{0} and V¥xeR, x=>-1.

For P(k+1),  (L+x)'=(1+x) 1 +x)

(@
(b)

>(1+kx)(1+x) , by (1) and also note that since x > -1, the factor (x + 1) > 0.
=1+ (k+1)x+k 21+ (K+1)x
P(k+1) is also true. By the Principle of Mathematical Induction, P(n) is true VnelN .
t>1 < Iht>0 < (@Wn)Int>0 vVn>0< ft>1.
Putting Q/_:1+xn. Since Q/f>1. S X% >0 vn>0.
By (@), (1+Xxy)">1+nx,.

t> 1+nx, = —>X
n

n

1< % = 1+nx, < 1+t—_1
n

For t>1, taking n—oow in(2), 1§Iim(1+xn)slim(l+t—_1):1
n

nN—o N—o0'

By Sandwich Theorem, lim(1+x,)=1 = lim %/t =1.

n—o n—o0

limsinnx =0 < limsin(n +1)x = limsin(n —1)x =0 <> limcosnxsinx =0<sinx=0 , by (b) .

o)

)

10



